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Abstract. We establish a conjecture of Gukov and Sulkowski in 
the following three cases: Lambert curve for Hurwitz numbers, 
framed mirror curve of C 3 , and the framed mirror curve of the 
resolved conifold. 
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In this sequel to [23] we treat three more cases of a conjecture made 
by Gukov and Sulkowski (T2]. We will study the following open string 
invariants: Hurwitz numbers, one-legged topological vertex, and the 
resolved conifold with one framed outer D-brane. By the BKMP re- 
modeling conjecture [HH El H], in each of these cases, the open string 
invariants can be encoded in some curve on which one can define some 
differentials by the Eynard-Orantin recursion [SJ. For the proofs in 
these cases, see [2j [8J O [201 [10]. 111 eacn case the mirror curve are given 
by an equation 

A(u, v) = 0, u,v E C 

or 

A(x,y) = 0, x,yeC*. 

Gukov and Sulkowski [T2] defined some partition function Z and con- 
jectured that there is a quantization A(x, y) of A(x, y) into differential 
operator such that 

(1) A(x,y)Z = 0. 

In [23] we have established this in the case of the Airy curve. In this 
paper we will deal with the three cases mentioned above. We will use 
the known results of the corresponding A-model calculations in each 
case, and derivation of the quantum mirror curves follows that of [121 
(6.7)-(6.12)]. 
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1. Hurwitz Numbers and Quantum Lambert Curve 

1.1. Hurwitz numbers and Burnside formula. For a partition /i = 
(fix, . . . , of d > 0, denote by H g4l the Hurwitz number of branched 
coverings of P 1 of type fi by genus g Riemann surfaces. In general, these 
numbers can be computed by the Burnside formula: 

Here p M = fli=i P« are the Newton functions, s y are the Schur func- 
tions. They are related to each other by the characters of irreducible 
representations of the symmetric groups: 

(3) s M = ^—Pu, Pu = Yl XmOK' 

V fj, 

where x» denotes the character of the irreducible representation 
indexed by \i and Xn( u ) denotes its value on the conjugacy class indexed 
by v. For a partition \x = (fix, . . . ,fii), the number k m is defined as 
follows: 

l 

(4) k^ = ^^(^-2z + 1). 

8=1 

1.2. Hurwitz numbers and the cut-and-join equation. Denote 
by H* the left-hand side of (j2J). It satisfies the following differential 
equation, called the cut-and-join equation [TT] : 

(5) ^ = KIT, 



where 



This is because 

(7) Ks v = -k v ■ s v . 

1.3. Hurwitz numbers and ELSV formula. Hurwitz numbers are 
related to Hodge integrals on the Deligne-Mumford moduli spaces by 
the ELSV formula [7] : 



i l{fl) r A v fr 

tt _ 1 TT Pi I IV 9 [l ' 



Aut^i ii rih* aMA nSa-^) 
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where A, v (l) = £*=o(-l)% 

1.4. Symmetrization. One can also define 

^ (P) = ^ (2g-2 + lM + W H9 >^ 

Because H g {p) is a formal power series in pi,p2, ■ ■ ■ ,p n , ■ ■ ■ , for each 
n, one can obtain from it a formal power series $ gtn (xi, . . . , x n ) by 
applying the following linear symmetrization operator |llj : 



(1) ' " X a(n)- 



Because 

dimik , , K w 2 dimi^^x^) 



^— ' Ml " ^ \v\\ z u M ' 

f 1 1 |j/[>1 11 A< ^ 



we have 



WW 



fc>i " ^u-u^ fe =M *=i MH/^I 1^1=1^1 ' ' Zfl ' 



It follows that 

(2^-2 + Z(m) + H) 



^2g-2+«( M )+| At | 

lM 1 |,...,lM fc |>0 

After the symmetrization, 

if- 1 ^ A . K ^A/2 dim ^ Av<y) 



(10) S S II E ° ;/' | ! 

fc>l J(A» 1 )+-+I0t fc )=n i=1 I^I=|A»*I 
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where // = (/ii, . . . , fi n ) = /i 1 U • • • U fx k . In particular, 

(11) 



9>0 



g,n V*^) • • • ) 



(~l) fc 1 ^ e * yi A/2 jjgjj^j Xv^ 1 ) ^ x y^\ 

*>1 ^ E?=i '(^)=n i=1 H = lM l | '''' ^ A 

|^|,..,|/x fe [>Q 

1.5. Computation of a partition function. 
Proposition 1.1. Let 

(12) Z = exp £ 1 A 2 ^ 2+n $ 9 ,n(x, . . • , x). 

n>l ' g>0 

Then one has 

(13) Z = Ye n ^ x / 2 ^—. 
y ' ^ n\\ n 

n=0 

Proof. By (11 II) we have 

z = i + y y e ^/2 ^^xM . (x/A)H 

H>oM=H 



1 + E E (^/ A ) IH ^ A/2 ^r E ^ 

n=l |i/|=n ' |At|=n ^ 



n=l |i/|=n 



n=l 



5>" 



(n-l)A/2 x 



n=0 



□ 



1.6. Differential equation satisfied by the partition function. 

Write Z = a + ai + ■ ■ ■ , where 



(14) a n = e 



n(re-l)A/2 x 



n\X n 
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Then one has 

(15) = f-Arrre^, 
and so 

(16) (n + l)Aa n+ i - xe nX a n = 0. 
By summing over n, one gets: 

Theorem 1.2. For the partition function associated with the Hurwitz 
numbers define above, the following equation is satisfied: 

(17) (y-xey)Z = 0, 
where 

d 

(18) x — x-, y = ^ x ~q~- 

This established the Lambert curve case of Gukov-Sulkowski conjec- 
ture [12] ■ Recall that Bouchard and Marino [I] conjectured that 

(19) W g , n (xi, . . . , x n ) = d Xl ■ ■ ■ d Xn ^g tn (xi, x n )dx x ■■■dx n 
satisfies the Eynard-Orantin recursion defined by the Lambert curve: 

(20) A(x,y) =y-xe y = 0. 

This is sort of a limiting case of the C 3 case of the BKMP conjecture 
[3]. This conjecture has been proved by Borot-Eynard-Safnuk-Mulase 
[2] and Eynard-Safnuk-Mulase [8] by two different methods. Our result 
shows that the quantization of A(x, y) does not involve higher order 
quantum corrections in this case. 

2. Marino- Vafa Formula and Quantum Mirror Curve of 

C 3 

2.1. Marino- Vafa formula. For a partition fi = (/ii, . . . con- 
sider the triple Hodge integral: 



/—rM+Kv) Km) , 



A g v (l)A g v (-^-l)A g v H 
Note when Z(/i) > 3, we have 

(21) f AV(l)AV(a)A v (-l-a) = t 1 = 

11(1-^0 [[(l-Viipi) 

1=1 1=1 
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We use this to extend the definition to the case of (g, n) = (0, 1) and 
(0, 2). The Marino- Vafa formula HH EH CEH] states that 

(22) E ^- 2+m C 9 ,MP, = log £ q a ^ /2 v^l Wl sAq P )s u , 

\n\>l g>0 \u\>0 

where q = e^~ TA , s u (q p ) = s l/ (q~ 1 ^ 2 , g~ 3//2 , . . . ). Equivalently, 

9>0 

(23) -e'^F e n e ^'^W)^ 



fc>l f « 1 U-UAe fe =Ai «=1 MH^I ^ 

l^l,...,lM fc |>0 

2.2. Symmetrization. For fixed g > and n > 1, define 

Because C 9jn (p; a) is a formal power series in p±,P2, . . . , for each n, one 
can obtain from it a formal power series Q> g>n (xx, . . . , x n ; a) by applying 
the following linear symmetrization operator [Til 15]: 



<x(l) " ' ' X <r(n)- 
o"65„ 



Hence by ( 123|) we have 

£A 2s - 2+n $ 9 , n (x 1 ,...,x„;a) 

= E^ E n E f^^sA,-)^ 1 

k>l l(jj, 1 )+-+l(jj, k )=n i=1 1^1=1^1 M 

|M 1 |,-,lM i! |>Q 

.f./Zl)-(«+lM 1 |+- + lM fc |) V X W ■■■X^ n 
\ v ' / ■< cr(l) o-(n)' 

where // = (/ii, . . . , /x n ) = jj 1 U • • • U /A In particular, 
l^A 2 ^v^r$ 9 ,n(x,...,x;a) 



nl 

(24) =e^P e n e ^sAg^^p- 

k>l " ;( At i)+... + i( M fc) =n i=l |^|=|^| ^ 

I^I.-.ImImi 

. x Im 1 I+-+Im' ! I_ 
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2.3. Computation of the partition function. 
Proposition 2.1. For the framed local C 3 , define 

(25) Z = exp 1 ^(-l)^ 1+ "A 2 ^ 2+ "$ 9 , n ( 



n>l g>0 



Then one has 

oo 

e 



(26) Z = E-rr 



00 -an(n-l)A/2+nA/2 



^ n^d-e^) 

Proof. By f )2^|) we have 

ex P E A E V^A 2 *- 2 ^,^, . . . , x; a) 



n>l 3>0 



e MzZ t r~ e n e ^m^^^ 1 ) 



fe>i |/ii|,...,|^|>oi=i I^IHm*! 

= 1+ E E q aKvl2 sM P )*j^-^ 

= i + j2 E ^ IH ^ /2 ^(/) E 

n=l |i/|=n |m|=« ^ 

oo 

= 1 + E E ^' H ^ /2 ^(/)^(n) 
n=l |i/|=n 

00 00 „(2a+l)n(n-l)/4 

= i + ^xv K( " )/2 ^)(/) = E^ — — 

n=l n=0 ^ J" 

In the last equality we have used the following identity: 

n(n-l)/4 

(27) S(n )(g") ' 



[n]! • 

The proof is completed by changing A to a/^1A: 



x -(2a+l)n(n-l)A/4 00 -an(n-l)A/2+nA/2 



E rr n i^-iA/2 _ rf m x E 



n=0 11 J= 1V ' n=0 11 J = 

□ 
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2.4. Differential equation satisfied by the partition function. 

Write Z = a + a x + ■ • • , where 

(28) e -an(n-l)A/2 + nA/2 : 



n? =1 (i 



Then one has 



(29) ^ = ^=-'" S 



3 A/2, 
3 (n+l)A C ' 

lb — -* 

and so 

(30) (1 - e (n+1)A )a„ +1 - e x/2 xe- anX a n = 0. 
By summing over n, one gets: 

Theorem 2.2. For the partition function associated with the Hurwitz 
numbers define above, the following equation is satisfied: 

(31) {l-y-e x l 2 xy- a )Z = ^ 
where 

(32) x = x; y = e Xx ^. 



This proves the Gukov-Suikowski conjecture [12] for the framed mir- 
ror curve of C 3 . Recall the BKMP conjecture for C 3 (see [J]) has been 
proved [SJ [2D] . More precisely, 

Wg^xx, ...,x n ) = (-l) 9 ~ 1+n d Xl ■ ■ ■ d Xn $ g , n (xi, x n )dx! ■■■dx n 

satisfies the Eynard-Orantin recursion defined by the following alge- 
braic curve (cf. [20, (8)]): 

(33) x - y a + y a+1 = 0. 

Our result shows that one needs to change the above equation to 

(34) A(x,y) = l-y-xy- a = 

before taking the quantization. Further, higher order quantum cor- 
rections introduce an extra factor of e A / 2 for x, i.e., one should take 
x = e x l 2 ■ x. 



3. Open String Invariants of the Resolved Conifold and 
Quantization of its Mirror Curve 

3.1. Open string amplitudes of the resolved conifold with one 
special outer brane. Let us first recall the result in [22] about the 
open string amplitude for the resolved conifold with one special outer 
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brane and framing a by the theory of the topological vertex [TJ [15] . 
corresponding to the following toric diagrams as follows: 



jA Li- 



Figure 1. 

This is the Figure 1(b) case in [22] ■ The case of Figure 1(a) can be 
treated in a similar fashion. We have 



where q = e v/ ~ TA and Q = — e~*. The normalized open string ampli- 
tudes are defined by: 



ZW(A;t;p)|p=o" 



Write 



(35) ZW(A; f; p) = exp £ £ £ ^t^^"*^ 

fiev+ 9=0 fc=o 

where P + is the set of nonempty partitions. The following formula is 
proved in [22] as a mathematical formulation of the full Marino- Vafa 
Conjecture [IT] : 



(36) exp £ ^t A29 " 2+i(M)e(lM ' /2 " fc) ^ 

9=0 fc=0 

= J2 s » ■ i aK " /2 ■ dim « R p- 



(Unfortunately l(fj,) is missing from \ 2 9^ 2+l M in [22]-) In this formula, 
dimg is the quantum dimension that gives the colored large N HOM- 
FLY polynomials of the unknot are given by the quantum dimension 
13(5.4)]: 



(37) dim g R„ = H 

i<i<j<i(n) 



[J - i] 



Hp) 



n 



[nsLiV-i+wr 
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In [22], it is realized as a specialization of the Schur function as follows: 
If for n > 1 one has 

e nt/2 _ g-rat/2 

(38) p n (y) = - 



n 



then one has: 



(39) s^y) = dim q R fl = l[ [ - 



c(x)) ( 



where 

(40) [n] et = e l ' 2 q n ' 2 - e^q^ 2 . 
In particular, 

JL e t/2 (j-l)/2 _ e -t/2 g -(i-D/2 

(41) s w (y) = _[J 



gj/2 _ q -j/2 



3.2. Symmetrization. Taking logarithm on both sides of (!36|) . we 

get: 



EEE ^f&«-*A***>,v 

9=0 ij,£V+ k=0 



(42) "E^ E II E e-+Wf' , ton.R. 

k>l n 1 U-Ufi, k =n i=l 1^1=1^1 

\^\,...,\n k \>o 

?y- 

We apply the following linear symmetrization operator: 



(1) • ' ' X a{l{n)) 



to get: 

J2\ 2 9- 2+n $ g>n (x 1 ,...,X n ) 



\fc-i 



k>l ' l(fj. 1 )+-+l(ii k )=n i=1 MH/^I 

|M 1 |,..,|M fc |>0 



z 



E W ... 



t(1) 
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where /i = (/ii, . . . , fi n ) = fi 1 U • • • U //'. In particular, 

(43) "E^ E II E ^'"'"^dim,^ 

fe>l i(/Lt 1 )+-+2(/i fe )=n i=l M=|m ! I 

|M 1 |,-,lM fc |>0 

3.3. Computation of the partition function. 
Proposition 3.1. For the framed local C 3 , define 

(44) Z = exp ~. E A 23 - 2+n $ 9 ,n(x, ...,*). 



n! 

n>l g>0 



T/ien one /ias 



N " 1 < 1 



y an(n-l)/2-n/2 n 



(45) ^ = EII x "" 

n=0 j=l 



Proof. By ( I43j) we have 



n! 

n>l g>0 



1 + E E xl^e-l^^dim,^ E ^ 

n=l |i/|=n |Ml= n ^ 

oo 

1 + E E ^ ] e- WW2 q aKv/2 <iira q RJ u , {n) 

n=l \u\=n 
oo 

1 + x n e~ nt/2 q aK ^ /2 dim g R {n) 

n=l 

~ , JL e */2 (j-i)/2 _ e -t/2 -(?-i)/2 , w 

„-nt/2 TT e g e g on(n-l)/2 n 

Z^ e 11 j/2_ -j/2 y X 

n=0 3=1 ^ ^ 

00 n — t j — 1 

e ~ g . ? an(n-l)/2+n/2 a ,n_ 

n=0 j=l ^ ^ 
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□ 



3.4. Differential equation satisfied by the partition function. 

Write Z = a + a± + ■ ■ ■ , where 

oo n _£ j~~l 

(46) a n = II 6 1 1 9 j • q an{n - 1)/2+n/2 x n . 

n=0 j=l ^ 

Then one has 

(47) = ^"^ g^+i/^ 
and so 

(48) (1 - q n+1 )a n+1 + xq^ n+1 / 2 a n - e- l q an+1/2 xa n = 0. 
By summing over n, one gets: 

Theorem 3.2. For the partition function associated with the Hurwitz 
numbers define above, the following equation is satisfied: 

(49) 0--V + q 1/2 xy a+1 - q 1 l 2 e~ t xy a )Z = 0, 
where 

(50) x = x-, y = e -^ Xx ^. 

This proves the Gukov-Suikowski conjecture [12] for the framed mir- 
ror curve for the resolved conifold. In [2 1 j it has been proved that by 
counting the disc invariants one can get the following equation of the 
framed mirror curve of the resolved conifold with an outer brane and 
framing a: 

(51) y + xy' a - 1 - e' l xy- a ' x = 0. 

By changing x to — x and a to —a — 1, one gets the following equation: 

(52) A(x, y) = 1 - y + x a+1 - e^xy" = 0. 

Our result indicates that when taking the quantization higher order 
quantum corrections introduce an extra factor of q 1 ^ 2 for x, i.e., one 
should take x = q 1 ^ 2 ■ x. 
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